Optics Abstract: Spontaneous emission (SE) rate and the fluorescence efficiency of a bare fluorescing nanoparticle and the nanoparticle with a silver nanoshell are analyzed rigorously by using a classical electromagnetic approach with the consideration of the nonlocal effect of the silver nanoshell. The dependences of the SE rate and the fluorescence efficiency on the core-shell structure are carefully studied and the physical interpretations of the results are addressed. The results show that the SE rate of a bare nanoparticle is much slower than that in the infinite medium by almost an order of magnitude and consequently the fluorescence efficiency is usually low. However, by encapsulating the nanoparticle with a silver shell, highly efficient fluorescence can be achieved as a result of a large Purcell enhancement and high out-coupling efficiency for a well-designed coreshell structure. We also show that a higher SE rate may not offer a larger fluorescence efficiency since the fluorescence efficiency not only depends on the internal quantum yield but also the out-coupling efficiency.
Introduction
Fluorescent nanomaterials, including organic and metallorganic dye molecules, fluorescent proteins, II-VI and III-V compound semiconductor nanoparticles, polymer/dye-based nanoparticles and silica/dye hybrid particles, have been the subject of intensive research in recent years for their vast applications ranging from biomedical therapeutics and diagnostics to information storage and optoelectronics [1] [2] [3] [4] [5] [6] [7] [8] [9] . A wide range of physical and chemical methods has been developed for the synthesis of nanoparticles and nanoscale core-shell structures with controllable core radius and shell thicknesses [10, 11] . For fluorescence based applications, fluorescence efficiency, i.e. the external quantum efficiency ( ext η ) of the emitter, is an important issue. Due to the existence of pronounced nonradiative decay of excitons in the nanoscale structure, low ext η is an often-observed feature. Most of the strategies so far employed aim to reduce the nonradiative decay rate [12] [13] [14] for improving the fluorescence efficiency. The direct and effective approach to improve ext η is to increase radiative decay rate [15] and the out-coupling efficiency since ext η is the product of internal quantum yield (i.e.
internal quantum efficiency) and the outcoupling efficiency. The enhancement of radiative decay rate results in the Purcell enhancement of the internal quantum yield [16, 17] . However, there are few studies on increasing the radiative decay rate and out-coupling efficiency simultaneously in core-shell nanoparticles to enhance the fluorescence efficiency. Here, we will address this issue. The radiative decay rate, i.e. spontaneous emission (SE) rate, can be enhanced by utilizing the surface plasmon effect [18] [19] [20] or the microcavity effect [21] . According to the near field nature of surface plasmon, the SE rate in a dielectric nanoparticle encapsulated with a metallic (C) shell can be greatly enhanced. However, the metallic shell introduces extra absorption loss and may result in a small outcoupling efficiency. Consequently, fluorescence efficiency may still be low although the SE rate is greatly enhanced. Thus a rigorous theoretical study on the SE rate and the out-coupling efficiency of emitters in nanoscale structure is desirable for getting a better physical understanding and optimal design of the nano-structure to achieve high-efficiency fluorescence. In this paper, the SE rates and ext η of emitters in a spherical nanofluorophore with and without a silver nanoshell are rigorously investigated through a classical electromagnetic approach with the consideration of the nonlocal effect of the silver nanoshell [22] [23] . In the presence of silver nano-shell, the standard Mie theory may fail since the nonlocal effects come into play due to the excitation of longitudinal surface plasmon modes [24] . The applicability of the classical electromagnetics for calculating the radiative decay rate relies on the fact that the local photonic density of states also describes the averaged total power emitted from the incoherent classical electric dipoles [25] . Different from the SE rate in a dielectric particle with a diameter around several wavelengths [26] , the SE rate in a nanoparticle with a diameter below 100nm is considerably slower than that in free space by almost an order of magnitude. Our results show that the fluorescence of a bare nanoparticle is inefficient since nonradiative decay outweighs radiative decay. By encapsulating the nanoparticle with a silver nano-shell, the SE rate can be enhanced by orders of magnitude due to the resonant excitation of surface plasmons. However, our results also show that the out-coupling efficiency is usually low for very high SE rate.
The paper is organized as follows. In Section II, we formulate a general approach to calculate the SE rate and ext η of emitters in a spherically multilayered structure with arbitrary permittivity. Our approach which directly relates the SE rate to the imaginary part of the electric field at the dipole position is convenient for implementation and more general as compared with the scheme employed in Ref. [27] , where the calculation becomes complicated when the number of lossy shells increases. In Section III, the SE rate and ext η of a nanoparticle with and without a silver nanoshell of various core radii and shell thicknesses are studied and the physical explanations of the results are given. We present concluding remarks in section IV.
Theory
In this section, we will present a generalized theoretical analysis of SE in a spherically multilayered structure of arbitrary permittivity and number of shells. The structure and parameters of a multilayered sphere are displayed on Fig. 1 . An emitting shell is sandwiched between two stacks of shells, i.e., P outer shells and Q inner shells. The relative permittivity and the boundary of the i th shell are denoted as ε i (i = -Q,…,P) and r i+1 (i = -Q,…, P-1), respectively. The emitting medium is assumed to be non-absorbing at the emitting wavelength while the other shells can be either transparent or absorptive, including metallic shells. As mentioned previously, the quantum emitter can be modeled as incoherent classical electric dipoles (with a constant current but random orientation in space). The SE properties of the emitter can be characterized by using the averaged total radiation power F and the power radiated to farfield U (normalized by the total radiation power of an electric dipole in infinite medium) of the dipoles in the spherically multilayered structure. As a consequence of Fermi's golden rule, the radiative decay rate is optical-environment-dependent as [17, 28] The averaged total radiation power F, also called as the Purcell factor, can be considered as a normalized SE rate. The change of radiative decay rate will result in the change of the internal quantum yield (internal quantum efficiency) since the radiative and non-radiative recombinations are competing processes. Assuming that the non-radiative decay rate in the spherically multilayered structure is nr Γ , the internal quantum yield in the spherically 
where 0 q η is the initial internal quantum yield when F=1. ext η is given by
In the infinite medium of 0 ε , the electric field at r induced by a dipole source at ' r with an arbitrary orientation ρ and dipole moment Θ is given as ( )
where I is the unitary dyadic and 0 k is the wavenumber in the emitting medium. In the spherically multilayered media, the electric field is modified as where r E ρ is the total reflected field from the outer and inner interfaces. Then the total radiation power for a dipole with orientation ρ can be obtained by [17] ( ) ( )
where ( ) ℑ ⋅ stands for the imaginary part of ( ) ⋅ . For incoherent dipoles with random orientations, the averaged total radiation power is ( )
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where , γ θ and φ are the unit vectors in spherical coordinates. To calculate the reflected electric field and the electric field outside the sphere, we decompose ( )
E r r in terms of vector spherical harmonics with TM and TE polarizations (with respect to the radical coordinate) as [29] ( ) (
Here ω , ε and μ are the angular frequency, permittivity and permeability in vacuum, respectively; l j , ∇ is an operator acting on the prime coordinates. Since only the electric field in the emitting shell and outside the sphere is of interest, as shown in Fig. 1 the two stacks of shells can be considered as two "black" shells characterized by the total inward reflection coefficient
, where the superscript E/M denotes polarization state and the subscript l is the order of the spherical harmonics. It should be noted that, in the presence of ultra-thin metallic shells, nonlocal effect due to excitations of longitudinal plasmon modes may come into play [22] [23] [24] . Then an additional boundary condition is required to characterize this effect [22] [23] [24] . We find that for the cases considered in this paper the nonlocal effect is prominent for silver shells thinner than 20 nm. The detailed derivations of total reflection coefficients and transmission coefficient, including the case of the structures with ultra-thin metallic shells, are given in the appendix. The reflected electric field can be obtained as The power radiated to far-field can be obtained as [26] ( ) ( )
1
Here the medium outside the multilayered structure is assumed to be lossless. Consequently, F and U can be readily calculated. The convergence of the summations in Eq. (10) and Eq. (11) is fast for the spherically multilayered structure with small size. For all the cases studied in this paper, a relative error below 10 -5 can be guaranteed when the summations are truncated at l=20. The scheme for calculating F here is general regardless of the permittivity of the other shells, while the scheme used in ref. [27] depends on the material of the other shells and becomes increasingly complicated when the number of lossy shells increases.
Results and discussion
In this section, the SE properties of emitters in a bare nanoparticle and the nanoparticle with a silver nanoshell are studied and discussed in subsection 3.1 and subsection 3.2, respectively. The dependences of the fluorescence efficiencies on the structural parameters of nanoparticle are investigated for two initial internal quantum yields, i.e. The nanoparticle under study here is a dielectric sphere and its material is not restricted here and in principle can be any type of fluorescent nanomaterials. In the calculation, the refractive index of the nanoparticle is set to be 2.0 over the wavelength of interest. According to Ref. [31] and the references therein, the dielectric function of bulk silver [32] is used in the calculation. For a verification of our model, we also used a three-dimensional finite difference time domain (3D-FDTD) method with a dispersive model of silver [33] to calculate F and U for a nanoparticle with a radius of 30nm and a silver nanoshell of 19 nm. The results obtained by the two methods agree well. However, the 3D-FDTD method is very time consuming.
SE in a bare nanoparticle
SE properties of the emitters in a bare spherical nanoparticle with a radius r is studied and discussed in this subsection. Figure 2(a) plots the wavelength dependence of the normalized SE rate of emitters located at the center of the nanoparticle with a radius of 20nm. One sees that the SE rate is nearly one tenth of the SE rate in free space and decreases gradually as the wavelength increases. The size dependence of the normalized SE rate at the wavelength of 500nm is shown in Fig. 2(b) as the solid line with filled squares. The SE rate decreases as the radius of the nanoparticle decreases. As the radius further decreases, the SE rate has a limiting value around 0.11. This value depends on the refractive index of the nanoparticle and becomes smaller as the refractive index increases. 
SE in the nanoparticle with a silver nanoshell
The SE rate can be greatly enhanced when the nanoparticle is encapsulated with a silver nanoshell due to the resonant excitation of surface plasmons. Unlike the previous case of a bare nanoparticle where U equals F, U is smaller than F in the present case since a considerable part of power is absorbed in the silver shell. Thus both F and U should be calculated for characterizing the SE properties. For the nanoparticle with a silver nano-shell, two parameters, namely, the silver shell thickness s and the core radius r, can be used to tune the SE properties. Here the SE properties of the emitters centered in the nanoparticle are studied separately for two cases, i.e. (i) the thickness effect of the silver shell and (ii) the size effect of the nanoparticle.
Case (i): thickness effect of the silver shell
The thickness effect of the silver shell on the SE properties is studied for the silver encapsulated nanoparticle with various shell thickness s and a fixed core radius r of 30nm as shown in Fig. 3(a) . As compared with a bare nanoparticle, the present case shows some remarkable features. First of all, the spectrum of the SE rate shows a resonant structure and the SE rate at the resonant wavelength is several orders of magnitude larger than the SE rate in a bare nanoparticle due to the resonant excitation of surface plasmons. The large increment of the SE rate will result in a great enhancement of the internal quantum yield due to the Purcell enhancement according to Eq. (2). Secondly, another distinct feature of Fig. 3(a) is that the resonant wavelength of the spectrum of the SE rate shows a blue shift as s increases. For the shells thinner than 5nm, the resonant wavelength shifts out of the visible wavelength range. Meanwhile, for the shells thicker than 30nm, the resonant wavelength shows no obvious shift and the spectrum of the SE rate flattens out as s further increases. In addition, the peak value of the normalized SE rate (hereafter named "the peak SE rate") is reduced as s increases. To understand the reduction of the peak SE rate, we define an effective radius as 2 r R r π λ = , where r λ is the resonant wavelength, to characterize the strength of surface plasmon effects. The surface plasmon effect decreases exponentially as R increases. The inset of Fig. 3(a) shows the dependence of the effective radius on the shell thickness. It can be observed that the effective radius firstly increases as s increases. Thus in Fig. 3(a) the peak SE rate is reduced and the resonant spectrum broadens as s increases from 5nm to 30nm. In another word, the reason why the peak SE rate is larger for thinner silver shell is that the strength of surface plasmon effect is larger since the effective radius R is smaller. For thicker silver shell (s > 30nm), the microcavity effect of the silver shell gradually dominates and the resonant spectrum sharpens again as s further increases. Figure 3(b) shows the dependence of the fluorescence efficiency at the resonant wavelength on the shell thickness. As compared with Fig. 2(b) for a bare nanoparticle, the fluorescence efficiency of the nanoparticle encapsulated with a suitable thickness of silver shell is much larger. Moreover, the fluorescence efficiency for the core-shell structure with r = 30nm and s = 25nm is much larger than the initial internal quantum yield, particularly for 0 0.25
where a nearly 100% increment is achieved. This is due to a combination of the Purcell enhancement of the internal quantum yield and a high out-coupling efficiency. From  Figs. 3(a) and 3(b), one sees that for the nanoparticle with ultra-thin silver shell although the SE rate is very large the fluorescence efficiency is still low since the out-coupling efficiency U/F is small (e.g. for s = 5nm, the fluorescence efficiency is only 0.14.), i.e. most of the emitted power is absorbed in the silver shell. As shown in Fig. 3(b) , 
Case (ii): size effect of the nanoparticle
The size effect of the nanoparticle on the SE properties is studied for the silver encapsulated nanoparticles with various core radii r and an optimized shell thickness s of 25nm as shown in Fig. 3(c) . The resonant wavelength of the SE rate spectrum shows a red-shift as r increases. For r < 70nm, the peak SE rate in Fig. 3 (c) decreases as the radius of the nanoparticle increases. To explain this, the effective radius R is calculated and its dependence on the core size is plotted in the inset of Fig. 3(a) . We see that even through the resonant wavelength increases with r, the effective radius R still increases with r. In other words, the strength of surface plasmon effect decreases as r increases and thus the peak SE rate is reduced and the resonant spectrum is broadened as r increases. For r>70nm, the microcavity effect of the silver shell gradually goes up and the spectrum of the SE rate becomes narrower and the peak value is increased as r increases. at the resonant wavelength. For r>120nm and r<15nm, the result is not shown here since the resonant wavelength is out of the visible range. As compared with Fig. 2(b) , large enhancement of the fluorescence efficiency is obtained due to the Purcell enhancement of the internal quantum yield and a high out-coupling efficiency. For the nanoparticles with a smaller radius although the SE rate is much higher the fluorescence efficiency is low since the out-coupling efficiency U/F is low. The fluorescence efficiency at the resonant wavelength increases as the radius of nanoparticle increases. From the analysis and discussion of the above two cases, we can summarize that highly efficient fluorescence can be achieved in the silver encapsulated nanoparticle through a proper design of the core radius and the shell thickness. The SE rate can be enhanced by several orders of magnitude and the resonant feature of the spectrum of the SE rate depends on the core radius and the shell thickness. It should be noted that a higher SE rate may not give larger fluorescence efficiency since the fluorescence efficiency as given by Eq. (3) not only depends on the quantum yield but also the out-coupling efficiency U/F. For a fluorescing nanomaterials with specified intrinsic fluorescence spectrum and the initial internal quantum yield, the nanoparticle's radius and thickness of the silver nanoshell should be optimized (simply by scanning the two parameters) to match the spectrum of the SE rate to the intrinsic emission spectrum of the emitter for achieving high-efficiency fluorescence.
Conclusion
In this paper, we have formulated a general approach for calculating the SE rate and ext η of the emitters in a spherically multilayered structure with arbitrary permittivity. In the presence of silver nano-shell, nonlocal effect has been taken into account. By using the method, the SE rates and fluorescence efficiencies of the emitters in a bare nanoparticle and the nanoparticle with a silver nanoshell are investigated. The SE rate in a bare nanoparticle is only one tenth of the SE rate in free space and consequently the fluorescence is usually inefficient. The SE rate can be enhanced by orders of magnitude through encapsulating the nanoparticle with a silver nanoshell due to the resonant excitation of the surface plasmon. The spontaneous emission properties of the emitters in the nanoparticle with a silver nanoshell are studied separately for two cases, i.e. (i) the size effect of the nanoparticle and (ii) the thickness effect of the silver shell. Through a proper design of the core radius and shell thickness, highly efficient fluorescence can be achieved as a result of the combination of the large Purcell enhancement of quantum yield and a high outcoupling efficiency. 
where f v , p ω and γ are the Fermi velocity, plasma angular frequency and a damping coefficient, respectively. In the case of silver, the Fermi velocity is 1.39×10 8 cm/s. In order to describe the optical properties of a real metal (silver), we have chosen the following procedure as in Ref. [24] : at each angular frequency, according to Eq. (A12) first we obtain p ω and γ by using the dielectric constant of silver [32] at the same frequency and then calculate L k from Eq. (A13). For boundary conditions, besides the continuity of the tangential components of the electric and magnetic fields, an additional boundary condition, i.e. the continuity of the normal component of the electric field [22] , is required. Assuming that the ultrathin metal
